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Abstract
We construct a new class of exact solutions describing spacetimes
possessing Lie algebroid symmetry. They are described by generic off–
diagaonal 5D metrics embedded in bosonic string gravity and possess
nontrivial limits to the Einstein gravity. While we focus on nonholo-
nomic vielbein transforms of the Schwarzschild metrics to 5D ansatz
with solitonic backgrounds, much of the analysis continues to hold for
more general configurations with nontrivial Lie algebroid structure
and nonlinear connections. We carefully investigate some examples
when the anchor structure is related to 3D solitonic interactions. The
approach defines a general geometric method of constructing exact
solutions with various type of symmetries and new developments and
applications of the Lie aglebroid theory.
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1 Introduction
It has been widely investigated the black hole geometry and physics for 2D,
3D, 4D and extra dimensional gravity theories 1; see, for instance, Refs.
[1, 2]. The bulk of such exact solutions define asymptotically flat spacetimes,
or spaces with nontivial cosmological constant, possessing Killing symmetry
and constructed for the Minkowski, or (anti) De Sitter, backgrounds. It
is less known how the black hole objects can be self–consistently defined
for non–constant curvature backgrounds and what kind of symmetries and
physical properties may characterize such solutions. In a series of recent pa-
pers, we studied certain classes of metrics for black ellipsoids [3, 4, 5], black
holes and wormholes in solitonic, spinorial, noncommutative and different
1we shall write 2D for two dimensional, 3D for three dimensional and so on...
2
types of nonholonomic backgrounds [6, 4] and locally anisotropic deforma-
tions of the Taub-NUT metrics [7]. The new class of solutions possess an ex-
plicit nonlinear polarization of constants in the metric and linear connection
coefficients, induced from extra dimension and/or by specific off–diagonal
gravitational interactions, and related to a special class of nonholonomic
frame transforms (vielbeins) with associated nonlinear connection (in brief,
N–connection) structure. Such solutions can be constructed in string/brane
gravity, and in general relativity, and constrained to define asymptotically flat
spacetimes. At least in a finite region, they are characterized by generalized
Lie group structure equations emphasizing certain type of noncommutative
symmetries (investigated in Ref. [8]) or, for a different class of constructions,
by Lie algebroid symmetries.
In this paper, inspired by the Lie algebroid theory with applications to
mechanics and classical field theory [9, 10, 11, 12, 13] and recent approaches
to the theory of gauge fields and gravity [14, 15, 16], we wont to address
essentially the following purposes:
Given an Einstein–Cartan manifold with the metric and affine connec-
tions satisfying the field equations of string gravity, to construct new classes
of exact solutions describing spacetimes with Lie algebroid structure (grav-
itational algebroids). Such solutions will be parametrized by generic off–
diagonal metric ansatz, anholonomic moving frames and generalized affine
connections related to certain three/two dimensional solitonic gravitational
configurations2 with nontrivial limits to the Schwarzschild black hole metric.
We shall analyze the conditions when the solutions can be constrained to
describe gravitational and matter field interactions in the framework of the
Einstein gravity. There will be presented new motivations for the algebroid
theory and developed a new type of Lie algebroid geometry on nonholo-
nomic manifolds provided with nonlinear connection structure derived from
the gravity theory.3
The paper is organized as follows: In section 2, we outline the basic
Lie algebroid constructions behind the Einstein–Cartan spacetimes provided
with nontrivial nonholonomic vielbeins with associated N–connection struc-
ture and consider the effective field equations with string corrections. Section
3 is devoted to a geometric method of constructing 5D and 4D off–diagonal
solutions for gravitational algebroids. In section 4, there are elaborated two
classes of exact solutions with trivial conformal factors generated by nonholo-
nomic Lie algebroid deformations of the Schwarzschild solution to certain
2in brief, we shall write 3D; for four dimensions, 4D, and so on...
3A manifold is nonholonomic if it is provided with a nonintegrable distribution of
submanifolds. In this paper, we shall emphasize the constructions for a special class when
the distribution defines the nonlinear connection structure.
3
type of gravitational solitonic spacetimes. The conclusions are presented in
section 5. The Appendix A outlines the main steps of constructing solutions
on nonholonomic manifolds. Additionally to the solutions investigated in sec-
tion 4, we briefly analyze two examples of metrics with nontrivial conformal
factors in Appendix B.
2 Riemann–Cartan algebroids
In this paper, for simplicity, we shall work with real, paracompact and neces-
sary smooth class manifolds and maps and with locally trivial bundle spaces.
2.1 Lie algebroids and N–connections
The standard definition of a Lie algebroid A + (E, [·, ·] , ρ) is related to a
vector bundle E = (E, π,M), with a surjective map π : E −→ M of the
total spaces E to the base manifold M, of respective dimensions dimE =
n+m and dimM = n. The algebroid structure is stated by the anchor map
ρ : E → TM (TM is the tangent bundle to M) and a Lie bracket on the
C∞(M)–module of sections of E, denoted Sec(E), such that
[X, fY ] = f [X, Y ] + ρ(X)(f)Y
for anyX, Y ∈ Sec(E) and f ∈ C∞(M). The anchor also induces a homomor-
phism of C∞(M)-modules ρ : Sec(A) → X 1(M) where ∧r(M) and X r(M)
will denote, respectively, the spaces of differential r–forms and r–multivector
fields on M.4
In order to investigate geometric models of gravity and string theories
with nonholonomic frame (vielbein) structure, one does not work on a vector
bundle E, or a tangent bundle TM, but on a general manifold V, dimV =
n + m, which is a (pseudo) Riemannian spacetime, or a more general one
with possible torsion and nonmetricity fields (for the purposes of this paper,
we shall consider it to be a Riemann–Cartan, or Einstein, manifold; see
explicit constructions and references in [3]). A Lie algebroid structure can
be modelled locally on a spacetime V by considering a Whitney type sum
TV =hV ⊕ vV (1)
defining a splitting into certain conventional horizontal (h) and vertical (v)
subspaces. In this case, the anchor is defined as a map ρ̂ : V → hV and
the Lie bracket structure is considered on the spaces of sections Sec(vV).
4on Lie algebroids geometry and applications, see Refs. [9, 10, 11, 12, 13]
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Roughly speaking, we consider Riemann–Cartan manifolds admitting a lo-
cally fibered structure induced by the splitting (1) when the Lie algebroid
constructions are usual ones but with formal substitutions E → V and
M → hV. In general, a such structure is not integrable which mean that we
work on a nonholonomic manifold, see details in Refs. [17, 16].
The global decomposition (1) is equivalent to an exact sequence
0→ vV
i
→ TV→ TV/vV→ 0,
giving a morphism N : TV → vV such that N ◦ i is the unity in the ver-
tical subbundle vV (the kernel ker π⊺ + vV, for π⊺ : TV → hV) where
i : vV → TV is the inclusion mapping. The morphism N defines a nonlin-
ear connection (in brief, N–connection) on the spacetime V. The manifolds
provided with N–connection structure are called N–anholonomic [3].
Let us state the typical notations for abstract (coordinate) indices of
geometrical objects defined with respect to an arbitrary (or coordinate) local
basis, i. e. with respect to a system of reference. For a local basis on V,
we write eα = (ei, va). The small Greek indices α, β, γ, ... are considered to
be general ones, running values 1, 2, . . . , n + m and i, j, k, ... and a, b, c, ...
respectively label the geometrical objects on the base and typical ”fiber”
and run, correspondingly, the values 1, 2, ..., n and 1, 2, ..., m. The dual base
is denoted by eα = (ei, va). The local coordinates of a point u ∈ V are written
u =(x, u), or uα = (xi, ua), where ua(u) is the a-th coordinate with respect
to the basis (va) and (x
i) are local coordinates on hV with respect to ei. By
ua(x), one denotes sections of vV over M. We shall use ”boldface” symbols
in order to emphasize that the objects are defined on spaces provided with
N–connection structure.
A N–connection N is described by its coefficients,
N = N
a
i(u)dx
i ⊗
∂
∂ua
= N bi(u)e
i ⊗ vb,
where we underlined the indices defined with respect to the local coordinate
basis
eα = ∂α = ∂/∂u
α = (ei = ∂i = ∂/∂x
i, va = ∂a = ∂/∂u
a)
and its dual
eα = duα = (ei = dxi, ea = dua).
We can also consider a ’vielbein’ transform
eα = e
α
α (u)eα and e
α = eαβ(u)e
α (2)
5
given respectively by a nondegenerate matrix e αβ (u) and its inverse e
α
β(u).
Such matrices parametrize maps from a local coordinate frame and co–frame,
respectively, to any general frame eα = (ei, va) and co–frame e
α = (ei, va).
The class of linear connections consists, for instance, a case of linear depen-
dence on ua, i. e. Nai (x, u) = Γ
a
bi(x)u
b.
In local form, the Lie algebroid structure on the manifold V is stated by
its structure functions ρia(x) and C
f
ab(x) defining the relations
ρ(va) = ρ
i
a(x) ei = ρ
i
a(x) ∂i, (3)
[va, vb] = C
c
ab(x) vc (4)
and subjected to the structure equations
ρja
∂ρib
∂xj
− ρjb
∂ρia
∂xj
= ρjcC
c
ab and
∑
cyclic(a,b,c)
(
ρja
∂Cdbc
∂xj
+ CdafC
f
bc
)
= 0. (5)
For simplicity, we shall omit underlying of coordinate indices if it will not
result in ambiguities. Such equations are standard ones for the Lie algebroids
but defined on N–anholonomic manifolds. In brief, we call such spaces to be
Lie N–algebroids.
By straightforward computations, we can prove that the Lie algebroid
and N–connection structures prescribe a subclass of preferred local frames
related by subclass of matrix transforms (2) linearly depending on Nai(x, u),
with the coefficients
e αα (u) =
[
e ii (u) N
b
i (u)e
a
b (u)
0 e aa (u)
]
(6)
and
e
β
β(u) =
[
ei i(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
. (7)
Such transforms generate N–adapted frames
eα = (ei =
∂
∂xi
−N bivb, vb) (8)
and dual coframes
eα = (ei, vb = vb +N bidx
i), (9)
for any vb = e
b
b ∂b satisfying the condition vc⌋v
b = δbc. In a particular case,
we can take vb = ∂b.
6
We note that the operators eα (8) and e
α (9) are the so–called ”N–
elongated” partial derivatives and differentials which define a N–adapted
differential calculus on N–anholonomic manifolds. In the structure equations
(5), we have eiρ
i
b → ∂iρ
i
b because the structure functions ρ
i
a(x) and C
f
ab(x) do
not depend on v–variables ua. For trivial N–connections, we can put Nai = 0
and obtain the usual Lie algebroid constructions.
The curvature of a N–connection Ω + −Nv is defined as the Nijenhuis
tensor
Nv(X,Y) + [ vX, vY ] + vv[X,Y]− v[ vX,Y]− v[X, vY ]
for any X,Y ∈X (V) associated to the vertical projection ”v” defined by this
N–connection, i. e.
Ω =
1
2
Ωbij e
i ∧ ej ⊗ vb
with the coefficients
Ωaij = e[jN
a
i] = ejN
a
i − eiN
a
j +N
b
ivb
(
Naj
)
−N bjvb (N
a
i) .
The vielbeins (8) satisfy certain nonholonomy (equivalently, anholonomy)
relations
[eα, eβ] =W
γ
αβeγ (10)
with nontrivial anholonomy coefficients W ajk = Ω
a
jk(x, u), W
b
ie = veN
b
i(x, u)
andW bae = C
b
ae(x) reflecting the fact that the Lie algebroid is N–anholonomic.
We can write down the Lie algebroid and N–connection structures in a
compatible form by introducing the ”N–adapted” anchor
ρ̂ja(x, u) + e
j
j(x, u)e
a
a (x, u) ρ
j
a(x) (11)
and ”N–adapted” (boldfaced) structure functions
Cfag(x, u) = e
f
f(x, u)e
a
a (x, u)e
g
g (x, u) C
f
ag(x), (12)
respectively, into formulas (3), (4) and (5). We conclude that the Lie alge-
broids on N–anholonomic manifolds are defined by the corresponding sets of
functions ρ̂ja(x, u) and C
f
ag(x, u) with additional dependencies on v–variables
ub for the N–adapted structure functions. For such generalized Lie N–
algebroids, the structure relations became
ρ̂(vb) = ρ̂
i
b(x, u) ei, (13)
[vd, vb] = C
f
db(x, u) vf (14)
7
and the structure equations of the Lie N–algebroid are written
ρ̂jaej(ρ̂
i
b)− ρ̂
j
bej(ρ̂
i
a) = ρ̂
j
eC
e
ab, (15)∑
cyclic(a,b,e)
(
ρ̂jaej(C
f
be) +C
f
agC
g
be −C
f ′
b′e′ ρ̂
j
aQ
fb′e′
f ′bej
)
= 0,
for Qfb
′e′
f ′bej = e
b′
be
e′
ee
f
f ′ ej(e
b
b e
e
e e
f
f) with the values e
b′
b and e
f
f ′ defined by the
N–connection. The Lie N–algebroid structure is characterized by the coef-
ficients ρ̂ib(x, u) and C
f
db(x, u) stated with respect to the N–adapted frames
(8) and (9).
A Riemann–Cartan algebroid (in brief, RC–algebroid) is a Lie algebroid
A + (V, [·, ·] , ρ) associated to a N–anholonomic manifold V provided with a
N–connection N, symmetric metric g(u) and linear connection Γ(u) struc-
tures resulting in a metric compatible covariant derivative D, when Dg = 0,
but, in general, with non–vanishing torsion. 5 In this work, we shall inves-
tigate some classes of metrics g(u) and linear connections Γ(u) modelling
RC–algebroids as exact solutions of the field equations in string or Einstein
gravity.
2.2 Metrics and linear connections on RC–algebroids
Let us consider a metric tensor g on the manifold V with the coefficients
defined with respect to a local coordinate co–basis duα = (dxi, dua) ,
g = g
αβ
(u)duα ⊗ duβ
where
g
αβ
=
[
gij +N
a
i N
b
jhab N
e
j hae
N ei hbe hab
]
. (16)
Performing the vielbein transform eα = e
α
α ∂α and e
β = eββdu
β with the
matrix coefficients defined respectively by (6) and (7), we write equivalently
the metric g in the form
g = gαβ (u) e
α ⊗ eβ = gij (u) e
i ⊗ ej + hcb (u) v
c ⊗ vb, (17)
where gij + g (ei, ej) and hcb + g (vc, vb) and eν = (ei, vb) and e
µ = (ei, vb)
are, respectively, just the vielbeins (8) and (9).
5We consider that reader is familiar with the main concepts from differential geometry;
in general form, for N–anholonomic spaces, the torsion is defined bellow by the formula
(18).
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If the manifoldV is (pseudo) Riemannian, there is a unique linear connec-
tion (the Levi–Civita connection) ∇, which is metric, ∇g = 0, and torsion-
less, ∇T = 0, but this connection is not adapted to the nonintegrable distri-
bution induced by N bi (u). In order to construct exact solutions parametrized
by generic off–diagonal metrics, or to investigate nonholonomic frame struc-
tures in gravity models with nontrivial torsion, it is more convenient to work
with more general classes of linear connections which are N–adapted but
contain nontrivial torsion coefficients because of nontrivial nonholonomy co-
efficientsW γαβ . For a corresponding subset of constraints, the solutions can be
related to N–anholonomic configurations in general relativity, see discussions
and references from [3, 4].
A distinguished connection (d–connection) D = {Γαβγ} on V is a linear
connection conserving under parallelism the Whitney sum (1). This mean
that a d–connection D may be represented by h- and v–components in the
form Γαβγ =
(
Lijk, L
a
bk, B
i
jc, B
a
bc
)
, stated with respect to N–elongated frames
(9) and (8), defining a N–adapted splitting into h– and v–covariant deriva-
tives, D = hD + vD, where hD = (L, L) and vD = (B,B).
A distinguished tensor (in brief, d–tensor; for instance, a d–metric (17))
formalism and d–covariant differential and integral calculus can be elabo-
rated [4] for spaces provided with general N–connection, d–connection and d–
metric structure by using the mentioned type of N–elongated operators. The
simplest way to perform a d–tensor covariant calculus is to use N–adapted
differential forms with the coefficients defined with respect to (9) and (8), for
instance, Γαβ = Γ
α
βγe
γ .
The torsion
T α + Deα = deα + Γαβ ∧ e
β (18)
of a d–connection D has the irreducible h- v– components (d–torsions),
T ijk = L
i
[jk], T
i
ja = −T
i
aj = B
i
ja, T
a
ji = Ω
a
ji,
T abi = T
a
ib = vb(N
a
i )− L
a
bi, T
a
bc = B
a
[bc]. (19)
This is the result of a straightforward calculation.
On RC–algebroids, the Levi–Civita linear connection6 ∇ = {∇Γαβγ} is also
not adapted to the global splitting (1). Such nonholonomic manifolds can be
characterized by a different type of linear connections: For instance, there
is a preferred canonical d–connection structure Γ̂ constructed only from the
metric and N–connection coefficients [gij , hab, N
a
i ] and satisfying the metricity
conditions D̂g = 0 and T̂ ijk = 0 and T̂
a
bc = 0. This can be checked by
6by definition, satisfying the metricity and zero torsion conditions
9
straightforward calculations with respect to the N–adapted bases (9) and (8)
if we take
Γ̂αβγ =
∇Γαβγ + P̂
α
βγ (20)
with the deformation d–tensor
P̂αβγ = (P
i
jk = 0, P
a
bk = vb(N
a
k ), P
i
jc = −
1
2
gikΩakjhca, P
a
bc = 0),
where ∇Γαβγ are the coefficients of the Levi–Civita connection. The torsion
of the connection (20) is denoted T̂αβγ . It should be noted that, in general, the
torsion components T̂ ija, T̂
a
ji and T̂
a
bi are not zero. This is an anholonomic
frame (or, equivalently, off–diagonal metric) frame effect.
In explicit form, the h–v–components of the canonical d–connection Γ̂γαβ
= (L̂ijk, L̂
a
bk, B̂
i
jc, B̂
a
bc), are given by formulas
L̂ijk =
1
2
gir [ek(gjr) + ej(gkr)− er(gjk)] , (21)
L̂abk = vb(N
a
k ) +
1
2
hac
[
ek(hbc)− hdc vb(N
d
k )− hdb vc(N
d
k )
]
,
B̂ijc =
1
2
gikvc(gjk),
B̂abc =
1
2
had [vc(hbd) + vb(hcd)− vd(hbc)] .
They present a ’minimal’ generalization of the Levi–Civita connection for
the nonholonomic (pseudo) Riemannian manifolds, which in the case of non-
trivial nonholonomy coefficients W γαβ (10), resulting in nontrivial d–torsion
components (19), consist in a subclass of Riemann–Cartan manifolds pro-
vided with N– connection structure.
The formulas (10), (19) and (20) and (21) are defined on the nonholo-
nomic spacetime V and contain the partial derivative operator vc = ∂/∂u
c.
We can emphasize the Lie N–algebroid structure on the space of sections
Sec(vV) by substituting vc = ρ
i
c(x)∂/∂x
i (using the anchor map (3)), or, in
N–adapted form, by working with ”boldface” operators vc → vc = ρ̂
i
c(x, u)ei
(see formulas (13) and (8)). A such ”anchoring” of formulas defines canon-
ical maps for d–metrics, anholonomic frames, d–connections and d–torsions
from V to Sec(vV). For instance, we can define the anchored map for the
”contravariant” h–part of the d–metric (17),
hcb (u) vc ⊗ vc → h
cb (u) ρ̂ic ρ̂
j
b ei ⊗ ej
modelling a h–metric Nhij + hcb (u) ρ̂ic ρ̂
j
b.We can consider certain canonical
anchors ρ̂jb when
Nhij = gij.
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By anchoring the N–elongated differential operators, we can define and
compute (substituting vc by ρ̂
i
cei into (21)) the canonical d–connection
ρΓ̂
γ
αβ
on Sec(vV) stating a canonical map Γ̂γαβ →
ρΓ̂
γ
αβ .
2.3 Curvature on nonholonomic RC–algebroids
In a similar form, with respect to N–adapted bases, we can compute the h–
v–coefficients of the curvature
Rαβ + DΓ
α
β = dΓ
α
β − Γ
γ
β ∧ Γ
α
γ
(i. e. d–curvatures) of a d–connection Γαγ ,
Rihjk = ek
(
Lihj
)
− ej
(
Lihk
)
+ LmhjL
i
mk − L
m
hkL
i
mj − B
i
haΩ
a
kj,
Rabjk = ek
(
Labj
)
− ej (L
a
bk) + L
c
bjL
a
ck − L
c
bkL
a
cj − B
a
bcΩ
c
kj,
Ri jka = va
(
Li jk
)
−Dk
(
Bija
)
+BijbT
b
ka, (22)
Rcbka = va (L
c
bk)−Dk (B
c
ba) +B
c
bdT
c
ka,
Rijbc = vc
(
Bijb
)
− vb
(
Bijc
)
+BhjbB
i
hc − B
h
jcB
i
hb,
Rabcd = vd (B
a
bc)− vc (B
a
bd) +B
e
bcB
a
ed − B
e
bdB
a
ec.
The ”anchored” curvature is computed by the same formulas with vc →
ρ̂icei for any given d–connection
ρΓ
γ
αβ. For the curvature of the canonical
d–connection, we have to use the anchored components of (21), for instance,
Rcbka = ρ̂
i
aei (
ρLcbk)−
ρDk (
ρBcba) +
ρBcbd
ρT cka,
where we denote by the ”calligraphic” symbol R the RC–algebroid anchored
curvature. In a similar form, we can map all components of (22) (we omit
such details in this work). This mean that on a N–anholonomic RC–algebroid
V we can work with the curvature Rαβ or we can transfer the constructions
on Sec(vV) and work with Rαβ .
Contracting the components of (22), we define the Ricci d–tensor
←−
Rαβ + R
τ
αβτ
with h- v–components
Rij + R
k
ijk, Ria + −R
k
ika, Rai + R
b
aib, Rab + R
c
abc, (23)
and the scalar curvature
←−
R + gαβ
←−
Rαβ = g
ijRij + h
abRab.
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The Einstein d–tensor is computed in standard form,
Eαβ =
←−
Rαβ −
1
2
gαβ
←−
R .
We shall denote the anchored versions of the Ricci and Einstein d–tensors,
respectively, by
←−
Rαβ and Eαβ.
2.4 String gravity and N–anholonomic manifolds
Let us consider the strength Ĥνλρ + eνBλρ + eρBνλ + eλBρν (antysimmetric
torsion of the antisymmetric tensor Bρν = −Bνρ from the bosonic model of
string theory with dilaton field Φ, see details, for instance, in. [18, 19]) and
introduce the torsion
Hνλρ + Ĥνλρ + Ẑνλρ
where the deformation
Ẑνλ + Ẑνλρe
ρ = eλ⌋T̂ν − eν⌋T̂λ +
1
2
(eν⌋eλ⌋T̂λ)e
γ (24)
may be computed by using N–adapted differential forms and the interior
product ”⌋”. We denote the energy–momentums of fields by
Υ̂αβ = Σ
[mat]
αβ +Σ
[T ]
αβ
where Σ
[mat]
αβ is the source from any possible matter fields and Σ
[T ]
αβ(T̂ν ,Φ)
contains contributions of torsion and dilatonic fields.
The dynamics of sigma model of bosonic string gravity with generic off–
diagonal metrics, effective matter and torsion is defined by the system of field
equations
R̂αβ −
1
2
gαβ
←−
Rˆ = kΥ̂αβ, (25)
D̂ν(Hνλρ) = 0, (26)
where k = const, and the Euler–Lagrange equations for the matter fields are
considered on the background V.
Let us consider a well known ansatz in string theory for the H–field when
Hνλρ = Ẑ νλρ + Ĥνλρ = λ[H]
√
|gαβ|ενλρ (27)
where ενλρ is completely antisymmetric and λ[H] = const, which satisfies the
field equations (26) for Hνλρ. In this work, the ansatz (27) is chosen for a
12
5D N–anholonomic background with Ẑ νλρ defined by the d–torsions for the
canonical d–connection. So, the values Ĥνλρ are constrained to solve the
equations (27) for a fixed value of the cosmological constant λ[H] effectively
modelling corrections from string gravity but, in our case, additionally de-
formed by a class of N–anholonomy constrains. As a result, a diagonal (with
respect to (8) and (9)) source Υ̂αβ = diag{Υ̂α} is parametrized in the form
Υ̂αβ = {Υ̂1 +
λ2[H]
4
, Υ̂2 +
λ2[H]
4
, Υ̂3 +
λ2[H]
4
, Υ̂4 +
λ2[H]
4
, Υ̂5 +
λ2[H]
4
}
where Υ̂α are defined by certain matter fields contributions and λ
2
[H]/4 states
string contributions.
In terms of differential forms, the equations (25) are written
ηαβγ ∧ R̂
βγ = Υ̂α, (28)
where, for the volume 4–form η + ∗1 with the Hodje operator ”∗”, ηα + eα⌋η,
ηαβ + eβ⌋ηα, ηαβγ + eγ⌋ηαβ , ..., R̂
βγ is the curvature 2–form and Υα denote
all possible matter sources. The deformation of connection (20) defines a
deformation of the curvature tensor with respect to the curvature of the Levi–
Civita connection, ∇Rβγ . The gravitational field equations (28) transforms
into
ηαβγ ∧
∇Rβγ + ηαβγ ∧
∇Zβγ = Υ̂α, (29)
where ∇Zβ γ = ∇P
β
γ + P
β
α ∧ P
α
γ.
A subclass of solutions of the gravitational field equations for the canoni-
cal d–connection defines also solutions of the Einstein equations for the Levi–
Civita connection if and only if
ηαβγ ∧
∇Zβγ = 0 (30)
and Υ̂α =
∇Υα, (i. e. the effective source is the same one for both type of
connections). Such constraints have to be imposed in order to select some
classes of solutions in general relativity from certain ones constructed by
applying the canonical d–connection (one has to solve some systems of first
order partial differential equations, or, for certain classes of solutions, the
constraints (30) reduce to a system of algebraic equations).
3 Gravitational Algebroid Configurations
We introduce a class of generic off–diagonal metrics (depending on 3, or 4,
variables) for which the vacuum Einstein equations with generalizations to a
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certain type of string and matter field corrections are completely integrable.
There stated certain parametrizations when such exact solutions define Lie
algebroid configurations.
3.1 The 5D and 4D ansatz
We consider a five dimensional (5D) Einstein–Cartan spacetime V provided
with a N–connection structure N = [N4i (u
α), N5i (u
α)] where the local coordi-
nates are labeled uα = (xi, u4 = v, u5), for i = 1, 2, 3. Let us formulate some
general conditions when a class of exact solutions of the field equations of
the bosonic string gravity (25) and (26) depending on holonomic variables xi
and on one anholonomic (equivalently, anisotropic) variable u4 = v can be
constructed in explicit form. Every coordinate from a set uα may be time
like, a 3D space one, or extra dimensional. The partial derivatives will be
denoted in the form a× = ∂a/∂x1, a• = ∂a/∂x2, a′ = ∂a/∂x3, a∗ = ∂a/∂v.
We consider a class of metrics
g[ω] = ω2(xi, v)gˆαβ
(
xi, v
)
duα ⊗ duβ, (31)
with the coefficients gˆαβ parametrized by the ansatz

g1 + w11h4 + n
2
1
h5 w12h4 + n1n2h5 w13h4 + n1n3h5 (w1 + ζ1)h4 n1h5
w21h4 + n2n1h5 g2 + w22h4 + n
2
2
h5 w23h4 + n2n3h5 (w2 + ζ2)h4 n2h5
w31h4 + n3n1h5 w32h4 + n3n2h5 g3 + w33h4 + n
2
3 h5 (w3 + ζ3)h4 n3h5
(w1 + ζ1)h4 (w2 + ζ2)h4 (w3 + ζ3)h4 h4 0
n1h5 n2h5 n3h5 0 h5


(32)
for wij = wiwj + ζiζj, a conformal factor
ω2(xi, v) = ω20(x
2, x3)η0(x
i, v), η0 > 0, (33)
and functions
gi = qi(x
k̂)ηi(x
k̂), (34)
for q1 = ǫ = ±1, η1 = 1, gĵ = qĵ(x
k̂)ηĵ(x
k̂);
ha = qa(x
k̂)ηa(x
i, v).
The N–coefficients (8) and (9) are parametrized in the form N4i = wi(x
i, v)
and N5i = ni(x
k, v) for the indices running the values k, j, ... = 1, 2, 3;
k̂, ĵ, ... = 2, 3 and a, b, .. = 4, 5. Such 5D metrics possess also a second or-
der anisotropy [4, 3] when the N–coefficients on the second ’shell’ (with
four holonomic, (xi, u5), and one anholonomic, u4, coordinates) are stated by
nontrivial N5
iˆ
= ζiˆ(x
i, v) and, for simplicity, ζ5 = 0 (the indices with ’hat’
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take values like iˆ = 1, 2, 3, 5). One shall be considered metrics with smooth
limits η0, ηα → 1 which do not change the signature. We suppose, that such
limits result into certain well known exact solutions of the Einstein equations
(for instance, into the Schwarzschild metric and/or its imbedding into higher
dimensional spacetimes).
The metric (31) defined by the ansatz (32) can be represented equivalently
in the form (17),
g[ω] = ω2
[
ǫ
(
dx1
)2
+ g2
(
dx2
)2
+ g3
(
dx3
)2
+ h4
(
e4
)2
+ h5
(
e5
)2]
, (35)
where
e4 = du4 + widx
i and e5 = du5 + nidx
i.
The nontrivial components of the 5D Einstein equations defined by the
Ricci d–tensor (23), R̂αβ = (R̂ij , R̂ia, R̂ai, Ŝab), for the d–metric (17) and
corresponding canonical d–connection Γ̂γαβ (21) are stated by the formulas,
see details on a similar calculus in the Appendix to Ref. [4],
R22 = R
3
3 =
1
2
R11 = (36)
= −
1
2g2g3
[g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g
′′
2 −
g
′
2g
′
3
2g3
−
(g
′
2)
2
2g2
] = −Υ4(x
2, x3),
S44 = S
5
5 = −
1
2h4h5
[
h∗∗5 − h
∗
5
(
ln
√
|h4h5|
)∗]
= −Υ2(x
2, x3, v). (37)
R4i = −wi
β
2h5
−
αi
2h5
= 0, (38)
R5i = −
h5
2h4
[n∗∗i + γn
∗
i ] = 0, (39)
where
αi = ∂ih
∗
5 − h
∗
5∂i ln
√
|h4h5|, β = h
∗∗
5 − h
∗
5[ln
√
|h4h5|]
∗, (40)
γ = 3h∗5/2h5 − h
∗
4/h4,
for h∗4 6= 0, h
∗
5 6= 0 (the cases with vanishing h
∗
4 or h
∗
5 should be analyzed
additionally) if there are satisfied the conditions
δˆih4 = 0 and δˆiω = 0 (41)
for δˆi = ∂i − (wi + ζi) ∂4 + ni∂5 when the values ζ˜i = (ζi, ζ5 = 0) are to be
defined for the solutions of (41).
Both conditions (41) are satisfied, for instance, if
ωp1/p2 = h4 (p1 and p2 are integers), (42)
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and ζi is the solution of the equations
∂iω − (wi + ζi)ω
∗ = 0. (43)
Here we note that there are different possibilities to solve the conditions
(41). For instance, if ω = ω1 ω2, we can consider that h4 = ω
p1/p2
1 ω
p3/p4
2 for
some integers p1, p2, p3 and p4.
The Einstein equations (28) for the ansatz (32) are compatible for non-
vanishing sources and if and only if the nontrivial components of the source,
with respect to the frames (8) and (9), are any functions of type
Υ̂22 = Υ̂
3
3 = Υ2(x
2, x3, v), Υ̂44 = Υ̂
5
5 = Υ4(x
2, x3) and Υ̂11 = Υ2 +Υ4. (44)
This follows from the fact that the nontrivial components of the Einstein
d-tensor Ĝαβ satisfy the conditions
Ĝ11 = −(R̂
2
2 + R̂
4
4), Ĝ
2
2 = Ĝ
3
3 = −R̂
4
4(x
2, x3, v), Ĝ44 = Ĝ
5
5 = −R̂
2
2(x
2, x3).
Parametrizations of sources in the form (44) can be satisfied for quite
general distributions of matter, torsion and dilatonic fields (see Refs. [4, 3, 7]
for an analyzes of such configurations; in this paper, we shall consider that
there are given certain values Υ2 and Υ4 which vanish in the vacuum cases).
There are proofs [3, 4, 8], see also the Appendix, that the system of
gravitational field equations (25) (equivalently, (28)) for the ansatz (32) and
nontrivial components of the Ricci d–tensor (23) can be solved in general
form if there are given certain values of functions g2(x
2, x3) (or, inversely,
g3(x
2, x3)), h4(x
i, v) (or, inversely, h5(x
i, v)) and of sources Υ2(x
2, x3, v) and
Υ4(x
2, x3).
Let us denote the local coordinates uα = (xi, ua) with xi =
(
x1, x̂i
)
,
x̂i = (x2, x3) , ua = (u4 = v, u5) and consider arbitrary signatures ǫα =
(ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) (where ǫα = ±1). Summarizing the results outlined in the
Appendix, for the nondegenerated cases (when h∗4 6= 0 and h
∗
5 6= 0 and, for
simplicity, for a trivial conformal factor ω), we formulate an explicit result
for 5D exact solutions of the system (36)–(39) and (43):
Any off–diagonal metric
δs2 = ǫ1(dx
1)2 + ǫk̂gk̂
(
x̂i
)
(dxk̂)2 +
ǫ4h
2
0(x
i)
[
f ∗
(
xi, v
)]2
|ςΥ
(
xi, v
)
| (δv)2 + ǫ5f
2
(
xi, v
) (
δu5
)2
,
δv = dv + wk
(
xi, v
)
dxk, δu5 = du5 + nk
(
xi, v
)
dxk, (45)
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with the coefficients being of necessary smooth class, where gk̂
(
x̂i
)
is a
solution of the 2D equation (36) for a given source Υ4
(
x̂i
)
,
ςΥ
(
xi, v
)
= ς4
(
xi, v
)
= 1−
ǫ4
16
h20(x
i)
∫
Υ2(x
k̂, v)[f 2
(
xi, v
)
]2dv (46)
and the N–connection coefficients N4i = wi(x
k, v) and N5i = ni(x
k, v),
wi = −
∂iςΥ
(
xk, v
)
ς∗Υ (x
k, v)
(47)
and
nk = nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫ [f ∗ (xi, v)]2
[f (xi, v)]2
ςΥ
(
xi, v
)
dv, (48)
define an exact solution of the system of Einstein equations (36)–(39) for ar-
bitrary nontrivial functions f (xi, v) (with f ∗ 6= 0), h20(x
i), ς4[0] (x
i) , nk[1] (x
i)
and nk[2] (x
i) , and sources Υ2(x
k̂, v), Υ4
(
x̂i
)
and any integration constants
and signatures ǫα = ±1 which have to be defined by certain boundary con-
ditions and physical considerations.
Any metric (45) with h∗4 6= 0 and h
∗
5 6= 0 has the property to be generated
by a function of four variables f (xi, v) with emphasized dependence on the
anisotropic coordinate v, because f ∗ + ∂vf 6= 0 and by arbitrary sources
Υ2(x
k̂, v), Υ4
(
x̂i
)
. The rest of arbitrary functions not depending on v have
been obtained in result of integration of partial differential equations. This
fix a specific class of metrics generated by the relation (68) and the first
formula in (72). We can generate also a different class of solutions with
h∗4 = 0 by considering the second formula in (67) and respective formulas in
(72). The ”degenerated” cases with h∗4 = 0 but h
∗
5 6= 0 and inversely, h
∗
4 6= 0
but h∗5 = 0 are more special and request a proper explicit construction of
solutions. Nevertheless, such type of solutions are also generic off–diagonal
and they could be of substantial interest.
The sourceless case with vanishing Υ2 and Υ4 is defined by the statement:
Any off–diagonal metric (45) with ςΥ = 1, h
2
0(x
i) = h20 = const, wi = 0 and nk
computed as in (48) but for ςΥ = 1, defines a vacuum solution of 5D Einstein
equations for the canonical d–connection (21). By imposing additional con-
straints on arbitrary functions from N5i = ni and N
5
i = wi, in order to satisfy
the conditions (30), we can select just those off–diagonal gravitational config-
urations when the Levi–Civita connection and the canonical d–connections
are related to the same class of solutions of the vacuum Einstein equations,
see details in Ref. [4].
17
Finally, one should be noted that we can reduce the constructions to
a 4D manifold provided with local coordinates (x2, x3, u4, u5) if we exclude
dependencies on x1 and do not consider terms with indices taking values
i = 1. This way, one can be generated exact 4D exact solutions: for certain
parametrizations one get metrics with Lie N–algebroid symmetries.
3.2 Gravitational Lie algebroid configurations
Let us analyze the conditions when a subclass of d–metrics of type (17) (for
5D, a subclass of metrics of type (35)) models a Lie algebroid provided with
N–connection structure. We write
g = gαβ (u) eα ⊗ eβ = g
ij (u) ei ⊗ ej + h
ab (u) vb ⊗ vb,
where va + e
a
a (x, u) ∂/∂u
a satisfy the Lie N–algebroid conditions vavb −
vbva = C
d
ab(x, u)vd of type (14) with ei being of type (8). Using the anchor
map (13) with
ρ̂ia′ (u) = e
i
i(u)e
a
a′ (u) ρ
i
a(x) (49)
defined in the form (11) by some matrices of type (6) and (7), we can write
the canonical relation
gij (u) = ha
′b′ (u) ρ̂ia′ (u) ρ̂
j
b′ (u) . (50)
As a result, the h–component of the d–metric can be represented
gij (u) ei ⊗ ej = h
a′b′ (u) ei i (u) e
a
a′ (x)ρ
i
a(x)e
j
j (u) e
b
b′ (x)ρ
j
b(x)ei ⊗ ej
= ha
′b′ (u) ρia′(x)ρ
j
b′(x)
∂
∂xi
⊗
∂
∂xj
,
where ρ
i
a′(x) = e
a
a′ (x)ρ
i
a(x). We conclude that a metric (17) admits a Lie
algebroid type structure with the structure functions ρia(x) and C
d
ab(x) if and
only if the contravariant h–component of the corresponding d–metric, with
respect to the local coordinate basis, can be parametrized in the form
gij (u) = ha
′b′ (u) ρia′(x)ρ
j
b′(x). (51)
The anchor ρia′(x) may be treated as a vielbein transform depending on x–
coordinates lifting the horizontal components of the contravariant metric on
the v–subspace. The Lie type structure functions Cdab(x, u) define certain
anholonomy relations for the basis va. On a general Lie N–algebroids we
shall consider any set of coefficients ρ̂ia′ (u) and C
d
ab(x, u) not obligatory
subjected to the data (49).
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Let us analyze an example of more general conditions when a metric (31)
(equivalently, a d–metric (35)) defines a class of anchor maps (50). On N–
anholonomic manifolds, it is more convenient to work with the N–adapted
relations (50) than with (51). For effectively diagonal d–metrics, such anchor
map conditions must be satisfied both for ηα = 1 and nontrivial values of ηα,
i. e.
gi = h4
(
ρ̂i4
)2
+ h5
(
ρ̂i5
)2
, (52)
qi = q4
(
ρ̂i4
)2
+ q5
(
ρ̂i5
)2
, for ηα → 1,
where gi = 1/gi, h
a = 1/ha, η
α = 1/ ηα and q
α = 1/qα. The real solutions of
(52) are (
ρ̂i4
)2
= qiq4H
i
4,
(
ρ̂i5
)2
= −qiq5H
i
4, (53)
where
H ia = ηa
1− η4/ηi
η5 − η4
,
η1 = 1, for any parametrization (34) with a set of values of q
α and ηα for
which ( ρ̂ia)
2
> 0. We note that the conformal factor ω2 is not related to such
equations and their solutions which mean that the gravitational ”boldfaced”
anchor structures are conformally invariant, for such classes of metrics. The
nontrivial anchor coefficients can be related to a general solution of type (45),
(47) and (48) by formulas
g1 = ǫ1, ǫk̂gk̂(x̂
i) = qk̂ηk̂, ǫ4h
2
0[f
∗]2 |ζΥ| = q4η4, ǫ5f
2 = q5η5
with the functions stated in explicit form by considering nonholonomic de-
formations of some already known solutions.
The final step in constructing such classes of metrics is to define Cdab(x, u)
from the algebraic relations defined by the first equation in (15) with given
values for ρ̂ia, see (53), and defined N–elongated operators ei. In result, the
second equation in (15) will be satisfied as a consequence of the first one. This
restrict the classes of possible v–frames, vb = e
b
b (x, u)∂/∂u
b, where e bb (x, u)
have to satisfy the algebraic relations (14). We conclude, that the Lie N–
algebroid structure impose certain algebraic constraints on the coefficients
of vielbein transforms. Such spacetimes are with preferred frame structure
which can be taken into account by explicit constructions with respect to
N–adapted frames and distinguishing the anchor ρ̂ia and Lie type C
d
ab(x, u)
structures functions.
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4 Gravitational Solitonic Schwarzschild Al-
gebroids
We construct in explicit form two classes of solutions of the gravitational field
equations (36)–(39) and (41) with nontrivial Lie algebroid and N–connection
structure describing generalizations of the 4D Schwarzschild metric to generic
off–diagonal 5D and 4D ansatz with nontrivial 3D gravitational solitonic
backgrounds. For simplicity, we study here d–metrics with trivial conformal
factors ω = 1 (see Appendix B for similar two solutions with ω 6= 1).
As the starting point for our considerations, we consider the 5D metric
ds2 = ǫdχ2 − a2(p)
(
dp2 + dθ2 + sin2 θdϕ2
)
+ b2 (p) dt2 (54)
with extra dimension coordinate χ defining a trivial extension of the Schwarz-
schild spacetime for
a2(p) = a2(ξ) =
ζ2g
ξ2
(ξ + 1)2, b2(p) = b2(ξ) =
(
ξ − 1
ξ + 1
)2
(55)
with dp = dξ/ξ, where ξ = ζ/ζg is related with the usual radial coordinate
by formula r = ζ (1 + rg/4ζ)
2 , for ζg = rg/4 with rg = 2G[4]m0/c
2 being the
4D Schwarzschild radius of a point particle of mass m0; G[4] = 1/M
2
P [4] is
the 4D Newton constant expressed via the Planck mass MP [4] (in general, we
may consider that MP [4] may be an effective 4D mass scale which arises from
a more fundamental scale of the full, higher dimensional spacetime); we set
c = 1. The 4D part of (54) expressed in terms of functions on ξ is just the
Schwarzschild solution in isotropic spherical coordinates [20].
The diagonal metric (54) defines a vacuum solution of the Einstein equa-
tions for the Levi–Civita connection. A such solution is with Killing sym-
metry and asymptotically flat. By N–anholonomic frame transforms (6) and
(7) of this metric, we shall generate new classes of exact solutions describing
Lie N–algebroid configurations with a nontrivial solitonic background.
4.1 Stationary off–diagonal solutions
Let us firstly analyze in details how we can generate a stationary solution
(with the coefficients not depending on the time like variable u5 = t) by
deforming nonholonomically the metric (54) to a generic off–diagonal metric
(32) (equivalently, to a d–metric, (35)) with trivial conformal factor ω2 = 1
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for a set of local coordinates (xα = (χ, p, θ), ua = (v = ϕ, t). We write
q1 = ǫ→ g1 = ǫ, (56)
q2 = −a
2(p)→ g2 = q2(p) η2(p, θ), q3 = −a
2(p)→ g3 = q3(p) η3(p, θ),
q4 = −a
2(p) sin2 θ → h4 = q4(p, θ)η4(p, θ, ϕ),
q5 = b
2(p)→ h5 = q5(p)η5(p, θ, ϕ),
where the non–deformed values are stated by the coefficients (55) and the
”polarization” functions η2,3(p, θ) have to be found as a solution of type
(64), (65), or (66), depending explicitly of the type of source Υ4(p, θ) and
vacuum boundary conditions, and the ”polarization” functions η4,5(p, θ, ϕ)
are solutions of the equations (68), or (67), and (69), in their turn depending
on the type of source Υ2(p, θ, ϕ) and vacuum boundary conditions. This class
of solutions can be represented in the form (45)
δs2 = ǫ(dχ)2 − a2(p)η2(p, θ)(dp)
2 − a2(p)η3(p, θ)(dθ)
2 (57)
−h20(p, θ) [f
∗ (p, θ, ϕ)]2 |ςΥ (p, θ, ϕ) | (δϕ)
2 + f 2 (p, θ, ϕ) (δt)2 ,
for
δϕ = dϕ+ w1 (χ, p, θ, ϕ) dχ+ w2 (χ, p, θ, ϕ)dp+ w3 (χ, p, θ, ϕ) dθ,
δt = dt+ n1 (χ, p, θ, ϕ) dχ+ n2 (χ, p, θ, ϕ) dp+ n3 (χ, p, θ, ϕ)dθ,
where we parametrize
f 2 (p, θ, ϕ) = b2(p)η5(p, θ, ϕ), h
2
0(p, θ) = a
2(p)/b2(p)
and
h20(p, θ) [f
∗ (p, θ, ϕ)]2 |ςΥ (p, θ, ϕ) | = a
2(p) sin2 θ η4(p, θ, ϕ)
with the N–connection coefficients wk and nk computed respectively by the
integrals (47) and (48).
If we choose the integration functions to be of sooth class related to cer-
tain distributions of matter, the d–metric (57) has the diagonal coefficients
very similar to those for the Schwarzschild metric (54) with the coefficients
a2(p) and b2(p) multiplied respectively on certain polarization η–functions
but (roughly speaking) embedded into a 5D background of string gravity with
nontrivial torsion and nonholonomic deformation to a preferred frame struc-
ture with associated N–connection. We analyze here an interesting physical
case of non–perturbative gravitational background defined by f 2 (p, θ, ϕ) , re-
sulting in a static locally anisotropic polarization η5 = f
2/b2(p), related to
a soliton solution of the Kadomtsev–Petviashvili (KdP) equation or (2+1)
21
sine-Gordon (SG) equation (Refs. [21, 22, 3] contain original results, basic
references and methods for handling such non–linear equations with solitonic
solutions). In the KdP case, the function η5 (p, θ, ϕ) satisfies the equation
η∗∗5 + ǫ (η˙5 − 6η5η
′
5 + η
′′′
5 )
′
= 0, ǫ = ±1, (58)
while in the most general SG case η5(p, θ, ϕ) satisfies
±η∗∗5 ∓ η¨5 ∓ η
′′
5 = sin(η5). (59)
For simplicity, we can also consider less general versions of the SG equation
where η5 depends on only one (e.g. ϕ and x1) variable. We use the notation
η5 = η
stn
5 or η5 = η
stn
5 with ”stn = KP”, or = SG, depending if η5 satisfies
equation (58), or (59) respectively.
For a stated solitonic form for h5 = h
stn
5 = b
2(p)ηstn5 , with b
2(p) taken as
for the Schwarzschild metric, h4 can be computed
h4 = h
stn
4 = h
2
[0]
[(√
|hstn5 (p, θ, ϕ)|
)∗]2
(60)
where h[0] is a constant (see formula (68) in the Appendix). This allows
to define ηstn4 (p, θ, ϕ) and f
stn(p, θ, ϕ), which (by using the f–function) re-
sult in off–diagonal terms wstnk (χ, p, θ, ϕ) (47) and n
stn
k (χ, p, θ, ϕ) (48). The
3D solitonic character of such N–connection coefficients can be substantially
modified by presence of the source Υ2(p, θ, ϕ). If Υ2 → 0, one has ςΥ → 1
(46) and we can put wstnk → 0 but n
stn
k would preserve solitonic contributions.
The mentioned 3D solitonic background posses a specific nontrivial tor-
sion related both to the B–field in string gravity with cosmological constant
approximations (27) and d–torsions (19) of the canonical d–connection. We
can compute such values by associated to the coefficients of (57) for any type
of solitonic (KdP or SG) background. At the first step one defines the coeffi-
cients of the canonical d–connection stnΓ̂αβγ (21) then of
stnT̂ αβγ which allows
to compute the deformations stnẐ νλρ(24) and, at the second step, we find
the N–anholonomically deformed string torsion
stnĤνλρ = λ[H]
√
| stngαβ |ενλρ −
stnẐ νλρ
for a stated value of λ[H]. This way, by using the solitonic coefficients of the
d–metric (57) and mentioned procedure of computation of stnĤνλρ we gen-
erate a class of exact solutions of the field equations of the bosonic string
gravity (25) and (26) defined by N–anholonomic maps to 3D soliton back-
grounds. As a matter of principle, we can restrict the polarizations ηα and
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the integration functions of type h20(x
i), ς4[0] (x
i) , nk[1] (x
i) and nk[2] (x
i) to
the form satisfying the conditions (30) which in 4D selects just the Einstein
type metrics (vacuum ones or with certain effective matter modifications).
Some new examples and discussion of the former obtained solutions satisfying
such constraints are given in Ref. [4]. Here we emphasize that the consid-
ered method of N–anholonomic transforms is a powerful one which states a
geometric procedure of constructing general classes of solutions with generic
off–diagonal metrics, torsions and nonholonomic frames.
We developed our procedure of constructing new solutions in gravity by
starting from the Schwarzschild metric which is asymptotically flat and posses
Killing symmetry. The resulting N–anholonomically deformed metrics do not
have, in general, such properties. As a matter of principle, we can chose the
mentioned set of polarization functions to tend asymptotically (for a certain
effective radial coordinate r → ∞) to the Minkowski 4D metric trivially
embedded into 5D, very similarly to the Schwarzschild case. Nevertheless,
even in a such case, our solutions will have a very different symmetry prop-
erties at least in a finite region of the 5D (or 4D) spacetime. In this paper,
we investigate the conditions when such N–anholonomic spacetimes may be
characterized by Lie algebroid configurations. The nontrivial anchor coef-
ficients (53) are easy to be computed for such configurations by using the
data (56) and any solitonic solution:(
ρ̂14
)2
= −ǫa2(p) sin2 θ H15 ,
(
ρ̂24
)2
= sin2 θ H25 ,
(
ρ̂34
)2
= sin2 θ H35 ,
(
ρ̂15
)2
= ǫb2(p) H15 ,
(
ρ̂25
)2
= −
b2(p)
a2(p)
H25 ,
(
ρ̂35
)2
= −
b2(p)
a2(p)
H35 ,
where
H ia(p, θ, ϕ) = η
stn
a (p, θ, ϕ)
1− ηstn4 (p, θ, ϕ)/ηi(p, θ)
ηstn5 (p, θ, ϕ)− η
stn
4 (p, θ, ϕ)
,
for η1(p, θ) = 1; a = 3, 4 and i = 1, 2, 3. Such anchor coefficients can be
zero, when b2(p) = 0 and for certain polarizations one could be ( ρ̂ia)
2
< 0
in some spacetime regions. We have to exclude such regions for the real
valued solutions, or to redefine the type of anchor maps in order to obtain
to generate only real metrics and connections. A Lie algebroid configura-
tion is completely established after fixing a frame of reference (in general,
nonholonomic) in the v–subspace, defining the values Cabc(p, θ), see (14)).
Finally, in this section, we address this important physical question: The
Schwarzschild solution defines a 4D black hole. Should the N–anholonomic
deformations define similar objects? In general, the black hole character
of the solutions is not preserved under such transforms (not preserving the
spherical Killing symmetry). The singularities of any exact solution can be
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investigated by an explicit computation of the components of the Riemann
d–tensors (22) with a corresponding anchoring of formulas. We omit such
cumbersome formulas and their analysis in this paper. Nevertheless, it is
almost obvious that there is a subclass of N–anholonomic and/or solitonic
transforms preserving the type of certain black hole configurations (even the
solutions are deformed to generic off–diagonal configurations). This follows
from the fact that in the vicinity of the black hole singularity we can define
some infinitesimal nonholonomic maps with smooth coefficients which pre-
serve all singular properties of the curvature but induce certain additional
smooth off–diagonal corrections and the same structure of the metric coeffi-
cients but defined with respect to N–adapted frames. This way we defined
the so–called black ellipsoid solutions [5]. For some special cases (see details
in Refs. [3]), one can select certain black hole configurations on nontrivial
backgrounds, in our case, of stationary solitonic character.
4.2 Time–depending solitonic backgrounds
We also deform nonholonomically the metric (54) to a generic off–diagonal
metric (32) (equivalently, to a d–metric, (35)) with trivial conformal factor
ω2 = 1 but for a set of local coordinates xα = (χ, p, θ) and ua = (v = t, ϕ)
when
q1 = ǫ→ g1 = ǫ,
q2 = −a
2(p)→ g2 = q2(p) η2(p, θ), q3 = −a
2(p)→ g3 = q3(p) η3(p, θ),
q4 = b
2(p)→ h4 = q5(p)η4(p, θ, t),
q5 = −a
2(p) sin2 θ → h5 = q5(p, θ)η5(p, θ, t).
These data are different from (56) by emphasizing the ”anisotropic” depen-
dence on the time coordinate t instead of the angular one, as it was on ϕ for
the previous solution. In this case, the ”polarization” functions η4,5(p, θ, t)
are solutions of the equations (68), or (67), and (69), in their turn depending
on the type of a variable in time source Υ2(p, θ, t) and vacuum boundary
conditions. This is another class of d–metrics (45),
δs2 = ǫ(dχ)2 − a2(p)η2(p, θ)(dp)
2 − a2(p)η3(p, θ)(dθ)
2 (61)
+h20(p, θ) [f
∗ (p, θ, t)]2 |ςΥ (p, θ, t) | (δt)
2 − f 2 (p, θ, t) (δϕ)2 ,
for
δt = dt+ w1 (χ, p, θ, t) dχ+ w2 (χ, p, θ, t) dp+ w3 (χ, p, θ, t) dθ,
δϕ = dϕ+ n1 (χ, p, θ, t) dχ+ n2 (χ, p, θ, t) dp+ n3 (χ, p, θ, t) dθ,
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where we parametrize
f 2 (p, θ, t) = b2(p)η5(p, θ, t), h
2
0(p, θ) = b
2(p)/a2(p) sin2 θ
and
h20(p, θ) [f
∗ (p, θ, t)]2 |ςΥ (p, θ, t) | = b
2(p) η4(p, θ, t)
with the N–connection coefficients wk and nk computed respectively by the
integrals (47) and (48).
The solitonic background of the d–metric (61) is given by
h5 = h
stn
5 = −a
2(p) sin2 θ ηstn5
and
h4 = h
stn
4 = h
2
[0]
[(√
|hstn5 (p, θ, t)|
)∗]2
defined by the 3D solitonic equation (58), or (59), for the new set of coor-
dinates, when h[0] = const, see formula (68) in the Appendix. This allows
to define ηstn4 (p, θ, t) and f
stn(p, θ, t), which (by using the f–function) result
in off–diagonal terms (i. e. in N–connection coefficients) wstnk (χ, p, θ, t) (47)
and nstnk (χ, p, θ, t) (48).
This class of metrics is characterized by dynamical anchor maps,
(
ρ̂14
)2
= ǫb2(p) H15 ,
(
ρ̂24
)2
= −
b2(p)
a2(p)
H25 ,
(
ρ̂34
)2
= −
b2(p)
a2(p)
H35 ,
(
ρ̂15
)2
= −ǫa2(p) sin2 θ H15 ,
(
ρ̂25
)2
= sin2 θ H25 ,
(
ρ̂35
)2
= sin2 θ H35 ,
where
H ia(p, θ, t) = η
stn
a (p, θ, t)
1− ηstn4 (p, θ, t)/ηi(p, θ)
ηstn5 (p, θ, t)− η
stn
4 (p, θ, t)
,
for η1(p, θ) = 1; a = 3, 4 and i = 1, 2, 3. We have to exclude some spacetime
regions from consideration (where the solutions became complex valued) or
to redefine the type of anchor maps in order to generate only real valued
metrics. A dynamical Lie algebroid configuration is completely established
after fixing a frame of reference (in general, nonholonomic) in the v–subspace,
defining the values Cabc(p, θ), see (14), in a form compatible with (15).
The constructed in this section exact solutions, in general form, depend
on certain type functions on variables xi obtained from the procedure of in-
tegrating systems of partial equations. In the particular case of Schwarschild
solution, the result of such integration were certain constants which are de-
fined from the boundary conditions like the asymptotic limit to the Newton
potential for the gravitational field, with Killing spherical symmetry, and
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asyptotically Minkowski spacetime. A such result with integration constants
is possible for the corresponding diagonal ansatz for metric reducing the
vacuum Einstein equations to an effective nonlinear second order partial dif-
ferential equation.
The generic off–diagonal ansatz considered in paper results in systems of
nonlinear partial differential equations. We proved that by corresponding ge-
ometric methods such equations can be solved in a quite general form which
depends not only on arbitrary constants but also on certain classes of func-
tions depending on one, two,three and four variables (for 5D configurations).
Roughly speaking, this means that we can extend the Schwarschild solution
to a very general background which can be constrained in various forms in
order to describe different type of nonlinear interactions, for instance, 3D
solitons, or certain nonholonomic Lie algebroid configurations. Neverthe-
less, even in such cases, the solutions depends on some functions on xi. This
is characteristic for various classes of solutions of the systems of nonlinear
equations. For instance, in Refs. [14, 15], there are investigated the con-
ditions when a ”resonable” theory of gravity is defined from a 2D Poisson
setting and related Lie algebroids. In this work, we considered the problem
of selecting ”reasonable” off–diagonal spacetime possessing Lie N–algebroid
symmetries. Such metrics still depend on some classes of functions (we call
them gravitational polarizations). One can fix an explicit system of reference
and choose the Lie algebroid structure functions to have a limit to certain Lie
type structure constants, following some physical prescriptions on symmetry
and boundary conditions, i. e. a particular exact solution distinguished from
a set of general ones. The priority of the method developed in this work is
that the gravitational algebroids can be defined as certain general nonlinear
configurations but not only as particular ones with integration constants.
For some very special classes of functions ηα, wi and ni, the d–metric
(61) may define certain black hole like configurations with polarized and
variable in time constants if we constrain the configurations to mimic the
Schwarzschild metric embedded into solitonically perturbed 5D spacetime.
But, in general, such solutions do not possess a black hole character and
describe a nonlinear gravitational solitonic dynamics related to a Lie N–
algebroid configuration. In the Appendix B there are analyzed two classes of
d–metrics (35) with nontrivial conformal factor ω.
5 Conclusions and Discussion
In this paper, we have examined a new class of 5D metric ansatz defining
exact solutions in string gravity and possessing nontrivial 4D vacuum and
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nonvacuum limits to the Einstein gravity. Such models define spacetimes
characterized by Lie algebroid symmetries and prescribed vielbein structures
with associated nonlinear connections. While our analyzis has mainly focused
on the properties of nonholonomic deformations of the Schwarazschild met-
ric to generic off–diagonal solutions with 3D solitonic configurations, much of
the constructions hold true for more general background metrics and symme-
tries. We parametrized such solutions in general form possessing an explicit
dependence on arbitrary integration functions (on 1,2, or 3 variables) and
constants. We computed the nontrivial coefficients of the nonlinear con-
nections and anchor maps defining nonholonomic Lie algebroid structures.
Stating the systems of reference and the boundary conditions, we can define
in explicit form the polarization of constants and metric coefficients induced
by extra dimensional and/or generic off–diagonal solitonic gravitational in-
teractions and nonholonomic constraints.
The bulk of astrophysical and cosmological applications of exact solu-
tions are related to spherically symmetric and asymptotically Minkowski
spacetimes. Such constructions are technically more easy to be handled and
generalized to extra dimensions and/or quantum gravity. In another turn,
nonlinear gravitational and matter field configurations and interactions, with
string/brane corrections depending on 2–4 variables and with generalized
(non–Killing) symmetries are very important for elaboration new types of
models with non–perturbative vacuum in modern high energy physics and
gravity. In this work we emphasized possible 3D solitonic deformations of
the Schwarzschild solutions in the presence of extra dimensions, off–diagonal/
nonholonomic interactions and bosonic string corrections.
One should worry that arbitrary nonholonomic deformations to certain
Lie algebroid spacetimes will not preserve the former black hole character of
the solution. Nevertheless, it is always possible to define a smooth subclass
of such solitonic deformations which preserve the singular structure of the
curvature tensor but ’slightly’ modify the horizons, polarize the constants
and move the black hole solutions on the extra dimension and/or time like
coordinates.
The mentioned approach requests a more sophisticate geometric tech-
niques and methods. The geometry of nonlinear connections and moving
frames have in this case a new realization in terms of Lie algebroid struc-
tures related to the symmetries of gravitational field equations. This suggests
new directions of investigation both in Lie algebroid mathematics and the
geometry of classical and quantum fields.
We briefly comment and compare our results with the previous applica-
tions of algebroid methods in mechanics and classical field theory [10, 11,
12, 13], and in string, gravity and gauge theories [14, 15, 16]. It should
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be emphasized that our gravitational algebroid constructions are derived as
exact solutions from string and Einstein gravity being elaborated for non-
holonomic manifolds [3, 4, 17]. They are quite different from the usual Lie
algebroids defined for vector or (co) tangent bundles with trivial (vanishing)
nonlinear connection structure [9]. The first applications of Lie algebroids
to mechanics and jet extensions of Lie algebroids for classical fields were
performed by using the fiber bundle formalism and geometrization of the
Euler–Lagrange equations (for instance, in terms of Poincare–Cartan forms,
or Ehressman connections). In our investigations, we emphasized that any
Lagrangian/Hamiltonian configuration results in canonical nonlinear connec-
tion and adapted metric and linear connection structures which transform
the Lie algebroid constructions to be nonholonomic ones. In this paper, and
in Refs. [17, 16], we gave certain explicit examples when the commutative
and noncommutative geometric configurations and almost sympletic and al-
gebroid structures can be derived as exact solutions in gravity. This presents
additional arguments and a knew understanding of algebroid geometry and
certain applications for constructing new kinds of gauge theories by replac-
ing Lie algebras by Lie or Courant algebroids and searching for a reasonable
theory of gravity.
The final conclusion of this paper is that one could be constructed cer-
tain Lie algebroid models of spacetimes defined as exact solutions in gravity
but such generic off–diagonal gravitational configurations are generated as
nonholonomic manifolds, i. e. as spacetimes provided with nonintegrable
distributions possessing new types of symmetries and nonlinear connection
structure. To investigate the geometric and physical properties of such vac-
uum and nonvacuum gravitational algebroid spacetimes is one of the aims of
our further researches.
Acknowledgement: The work is supported by a sabbatical fellowship
of the Ministry of Education and Research of Spain.
A N–anholonomic Deformations and Exact
Solutions
In a series of papers, see [3, 4] and presented there references, we elaborated
the anholonomic frame method of constructing exact solutions with generic
off–diagonal metrics (depending on 2-4 variables) in general relativity, gauge
gravity and certain extra dimension generalizations. In this Appendix, we
outline the results which are necessary for constructing exact solutions char-
acterized by Lie algebroid symmetries and nontrivial nonlinear connection
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(N–connection) structure.
We sketch five steps of generating solutions of the system of second or-
der nonlinear partial differential equations (36)–(39) and (43) for given cer-
tain values of functions g2(x
2, x3) (or, inversely, g3(x
2, x3)), h4 (x
i, v) (or,
inversely, h5 (x
i, v)), ω (xi, v) and of sources Υ2(x
2, x3, v) and Υ4(x
2, x3) :
1. The general solution of equation (36) may be represented in the form
̟ = g[0] exp[a2x˜
2
(
x2, x3
)
+ a3x˜
3
(
x2, x3
)
], (62)
were g[0], a2 and a3 are some constants and the functions x˜
2,3 (x2, x3)
define any coordinate transforms x2,3 → x˜2,3 for which the 2D line
element becomes conformally flat, i. e.
g2(x
2, x3)(dx2)2 + g3(x
2, x3)(dx3)2 → ̟(x2, x3)
[
(dx˜2)2 + ǫ(dx˜3)2
]
,
(63)
where ǫ = ±1 for a corresponding signature. For the coordinates x˜2,3,
the equation (36) transform into
̟ ( ¨̟ +̟′′)− ˙̟ −̟′ = 2̟2Υ4(x˜
2, x˜3)
or
ψ¨ + ψ′′ = 2Υ4(x˜
2, x˜3), (64)
for ψ = ln |̟|. The form of solutions of (64) depends on the source Υ4.
As a particular case we can consider that Υ4 = 0.We also can prescribe
that g2 = g3 and get the equation (64) for ψ = ln |g2| = ln |g3|. If we
select the case when g
′
2 = 0, for a given g2(x
2), we obtain from (36)
g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
= 2g2g3Υ4(x
2, x3) (65)
which can be integrated explicitly for given values of Υ4. Similarly, we
can generate solutions for a prescribed g3(x
3) in the equation
g
′′
2 −
g
′
2g
′
3
2g3
−
(g
′
2)
2
2g2
= 2g2g3Υ4(x
2, x3). (66)
We note that a transform (63) is always possible for 2D metrics and the
explicit form of solutions depends on chosen system of 2D coordinates
and on the signature ǫ = ±1. In the simplest case with Υ4 = 0 the
equation (36) is solved by arbitrary two functions g2(x
3) and g3(x
2).
29
2. For Υ2 = 0, the equation (37) relates two functions h4 (x
i, v) and
h5 (x
i, v) following two possibilities:
a) to compute
√
|h5| = h5[1]
(
xi
)
+ h5[2]
(
xi
) ∫ √
|h4 (xi, v) |dv, h
∗
4
(
xi, v
)
6= 0;
= h5[1]
(
xi
)
+ h5[2]
(
xi
)
v, h∗4
(
xi, v
)
= 0, (67)
for some functions h5[1,2] (x
i) stated by boundary conditions;
b) or, inversely, to compute h4 for a given h5 (x
i, v) , h∗5 6= 0,√
|h4| = h[0]
(
xi
)
(
√
|h5 (xi, v) |)
∗, (68)
with h[0] (x
i) given by boundary conditions. We note that the sourceless
equation (37) is satisfied by arbitrary pairs of coefficients h4 (x
i, v) and
h5[0] (x
i) . Solutions with Υ2 6= 0 can be generated by an ansatz of type
h5[Υ2] = h5, h4[Υ2] = ς4
(
xi, v
)
h4, (69)
where h4 and h5 are related by formula (67), or (68). Substituting (69),
we obtain
ς4
(
xi, v
)
= ς4[0]
(
xi
)
−
∫
Υ2(x
2, x3, v)
h4h5
4h∗5
dv, (70)
where ς4[0] (x
i) are arbitrary functions. We have to put ς4[0] (x
i) = 1 in
order to have compatibility with the sourceless case Υ2 → 0.
3. The exact solutions of (38) for β 6= 0 are defined from an algebraic
equation, wiβ + αi = 0, where the coefficients β and αi are computed
as in formulas (40) by using the solutions for (36) and (37). The general
solution is
wk = ∂k ln[
√
|h4h5|/|h
∗
5|]/∂v ln[
√
|h4h5|/|h
∗
5|], (71)
with ∂v = ∂/∂v and h
∗
5 6= 0. If h
∗
5 = 0, or even h
∗
5 6= 0 but β = 0,
the coefficients wk could be arbitrary functions on (x
i, v) . For the
vacuum Einstein equations this is a degenerated case imposing the the
compatibility conditions β = αi = 0, which are satisfied, for instance,
if the h4 and h5 are related as in the formula (68) but with h[0] (x
i) =
const.
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4. Having defined h4 and h5 and computed γ from (40) we can solve the
equation (39) by integrating on variable ”v” the equation n∗∗i +γn
∗
i = 0.
The exact solution is
nk = nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
[h4/(
√
|h5|)
3]dv, h∗5 6= 0;
= nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
h4dv, h
∗
5 = 0; (72)
= nk[1]
(
xi
)
+ nk[2]
(
xi
) ∫
[1/(
√
|h5|)
3]dv, h∗4 = 0,
for some functions nk[1,2] (x
i) stated by boundary conditions.
5. The exact solution of (43) is given by some arbitrary functions ζi =
ζi (x
i, v) if both ∂iω = 0 and ω
∗ = 0, we chose ζi = 0 for ω = const,
and
ζi = −wi + (ω
∗)−1∂iω, ω
∗ 6= 0, (73)
= (ω∗)−1∂iω, ω
∗ 6= 0, for vacuum solutions.
B Solitonic deformations with nontrivial con-
formal factors
We illustrate here that similar methods, applied in Section 4 can be used for
generating d–metrics of type (35) with nontrivial conformal factors ω.
B.1 Almost stationary metrics
Let we consider how the Schwarzschild metric (54) can deformed nonholo-
nomically to a d–metric, (35)) with nontrivial conformal factor ω2 for a set of
local coordinates (xα = (t, p, θ), ua = (v = ϕ, χ). We consider deformations
of type
q1 = 1→ g1 = 1, q2 = −
a2(p)
b2(p)
→ g2 = q2(p) η2(p, θ),
q3 = −
a2(p)
b2(p)
→ g3 = q3(p) η3(p, θ), (74)
q4 = −
a2(p)
b2(p)
sin2 θ → h4 = q4(p, θ)η4(p, θ, ϕ),
q5 = ǫb
−2(p)→ h5 = q5(p)η5(p, θ, ϕ),
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with nontrivial deformations of the conformal factor
ω20 = b
2(p)→ ω2 = η0(p, θ, ϕ)ω
2
0(p)
where the non–deformed values are stated by the coefficients (55). The ”po-
larization” functions η2,3(p, θ) have to be found as a solution of type (64),
(65), or (66), depending explicitly of the type of source Υ4(p, θ) and vacuum
boundary conditions. The ”polarization” functions η4,5(p, θ, ϕ) are solutions
of the equations (68), or (67), and (69), in their turn depending on the type
of source Υ2(p, θ, ϕ) and vacuum boundary conditions. This class of solutions
can be represented in the form (45)
δs2 = η0(p, θ, ϕ)ω
2
0(p)[(dt)
2 −
a2(p)
b2(p)
η2(p, θ)(dp)
2 −
a2(p)
b2(p)
η3(p, θ)(dθ)
2 −
h20(p, θ) [f
∗ (p, θ, ϕ)]2 |ςΥ (p, θ, ϕ) | (δϕ)
2 + ǫf 2 (p, θ, ϕ) (δχ)2], (75)
for
δϕ = dϕ+ w1 (t, p, θ, ϕ) dt+ w2 (t, p, θ, ϕ)dp+ w3 (t, p, θ, ϕ) dθ,
δχ = dχ+ n1 (t, p, θ, ϕ)dt + n2 (t, p, θ, ϕ) dp+ n3 (t, p, θ, ϕ) dθ,
where we parametrize
f 2 (p, θ, ϕ) = b−2(p)η5(p, θ, ϕ), h
2
0(p, θ) = a
2(p))
and
h20(p, θ) [f
∗ (p, θ, ϕ)]2 |ςΥ (p, θ, ϕ) | =
a2(p)
b2(p)
sin2 θ η4(p, θ, ϕ)
with the N–connection coefficients wk and nk computed, respectively, as cer-
tain integrals (47) and (48). We call such spacetimes to be almost sta-
tionary because the d–metric coefficients do not depend on time coordi-
nate t but the N–connection coefficients and related nonholonomic frames
of reference may posses a such dependence. For a stated solitonic form for
h5 = h
stn
5 = b
−2(p)ηstn5 , with b
2(p) taken as for the Schwarzschild metric, h4
can be computed
h4 = h
stn
4 = h
2
[0]
[(√
|hstn5 (p, θ, ϕ)|
)∗]2
where h[0] is a constant (see formula (68) in the Appendix).
We satisfy the conditions (41) if we choose any conformal factor
ω = η0(p, θ, ϕ)ω
2
0(p) =
(
h4
stn
)p2/p1
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for some integers p1 and p2 and defining ζi as solutions of the equations
∂iω − (wi + ζi)ω
∗ = 0
for given solitonic values wstni and ω.
The nontrivial anchor coefficients are defined by the values qα = 1/qα and
ηβ = 1/η
β, stated by (74), introduced in formulas (53) for ( ρ̂ia)
2
correspond-
ing to H ia(p, θ, ϕ).
B.2 Metrics with explicit extra dimension polarization
This type of deformations transforms the metric (54) into a d–metric (35)
via re–parametrizations
q1 = 1→ g1 = 1, q2 = −
a2(p)
b2(p)
→ g2 = q2(p) η2(p, θ),
q3 = −
a2(p)
b2(p)
→ g3 = q3(p) η3(p, θ), (76)
q4 = ǫb
−2(p)→ h4 = q4(p)η4(p, θ, χ),
q5 = −
a2(p)
b2(p)
sin2 θ → h5 = q5(p, θ)η5(p, θ, χ),
for the local coordinates xα = (t, p, θ), ua = (v = χ, ϕ).Such data are stated
for the ”anisotropic” dependence on the extra dimension coordinate χ with
the ”polarization” functions η4,5(p, θ, t) being solutions of the equations (68),
or (67), and (69). This class of d–metrics (45) is written
δs2 = η0(p, θ, χ)ω
2
0(p)[(dt)
2 −
a2(p)
b2(p)
η2(p, θ)(dp)
2 −
a2(p)
b2(p)
η3(p, θ)(dθ)
2 +
ǫh20(p, θ) [f
∗ (p, θ, χ)]2 |ςΥ (p, θ, χ) | (δχ)
2 − f 2 (p, θ, χ) (δϕ)2],
for
δχ = dχ+ w1 (t, p, θ, χ) dt+ w2 (t, p, θ, χ) dp+ w3 (t, p, θ, χ) dθ,
δϕ = dϕ+ n1 (t, p, θ, χ) dt+ n2 (t, p, θ, χ) dp+ n3 (t, p, θ, χ) dθ,
where we parametrize
f 2 (p, θ, χ) =
b2(p)
a2(p)
sin2 θ η5(p, θ, χ), h
2
0(p, θ) = b
−2(p)
and
h20(p, θ) [f
∗ (p, θ, χ)]2 |ςΥ (p, θ, χ) | = b
−2(p) η4(p, θ, χ)
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with the N–connection coefficients wk and nk computed respectively by the
integrals (47) and (48).
The solitonic background of the d–metric (61) is given by h5 = h
stn
5 =
−
[
b2(p) sin2 θ/a2(p)
]
ηstn5 and
h4 = h
stn
4 = h
2
[0]
[(√
|hstn5 (p, θ, χ)|
)∗]2
defined by the 3D solitonic equation (58), or (59), for the new set of coordi-
nates, when h[0] = const. This allows to define η
stn
4 (p, θ, χ) and f
stn(p, θ, χ),
which (by using the f–function) result in off–diagonal terms (i. e. in N–
connection coefficients) wstnk (t, p, θ, χ) (47) and n
stn
k (t, p, θ, χ) (48).
We satisfy the conditions (41) if we choose a conformal factor
ω2 = η0(p, θ, χ)ω
2
0(p) =
(
h4
stn
)p2/p1
for some integers p1 and p2 and defining ζi as solutions of the equations
∂iω − (wi + ζi)ω
∗ = 0
for given solitonic values wi = w
stn
i and ω = ω
stn.
The nontrivial anchor coefficients are defined by the values qα = 1/qα
and ηβ = 1/η
β, stated by (76), introduced in formulas (53) for ( ρ̂ia)
2
with
H ia(p, θ, χ).
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